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Topics for Today

 Review
— Local Algorithms
— Asynchronous model
— Synchronous model

 Events and computations
o Safety and liveness properties
« Causal order and logical clocks
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Local Algorithm

The loecal algorithm A of a process p is a quintuple
(Z,T,F, 5,7
where

e Z is a set of local states

e 1 C Z is the set of initial states

e H'C Z x Z is a relation that defines the internal state transitions

e H°C Z x M x Z is a relation that defines the state transitions associated with the sending of a message

e H'C Zx M x Z is a relation that defines the state transitions associated with the receiving of a message

Define e+ d < (c,d) € VI3 nem((e,m,d) €5 UFT)
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Asynchronous Communication Model

Let P = {p1,..., pn} be a set of processes. Let A, = (2,,.Z,,.t} ;5 .F7 ) be the local algorithm of

process p;, with common message set M. Then the asynchronous communication model of the distributed
algorithm A = {A,,.... Ap, } is the transition system (C, —,Z) where

1.C=2p, X ... xZpy XMWM)ANLT =TI, x...xTp, x{[|}

2. — is the smallest relation such that

° (Cpi*’:;u) El—;i:> (...,Cpt__....,ﬂf)—>(...._C;i,...,_-"7\f)
o (cp,,m,c,) €5 = (.ocp. o, M) = (.. ey, M+ [m])
o (cp,m,cp) €bp. = (. epyo o, M) = (oo ey, M —[m])
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Synchronous Communication Model

Let P = {p1,....pn} be a set of processes. Let A,, = (2,,.Z,,.5,,..F..F.) be the local algorithm of
process p;, with common message set M. Then the synchronous communication model of the distributed
algorithm A = {A,,,... A, } is the transition system (C,—,Z) where

1.C=2, x...x2

on NL =T, x...x1I,,

2. — is the smallest relation such that
L i . / ]
o (ep:cp.) €Fp = (CpysevvsCpisesCpy) = (Cpysev s Cpsev s Cpy)

o (cp,.m, c"pl_) El—gi /\(cpj._m._ c;)j) El—;j = (ceesCpyyee s Cpyynnt) = (..._.c;)t_._...._c"pj,...)
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So far

 Review
— Local Algorithms
— Asynchronous model
— Synchronous model

 Events and computations
o Safety and liveness properties
« Causal order and logical clocks
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Events (asynchronous model)

The processes of a distributed algorithm execute three types of events:
1. Internal events (elements of I—;; for some p € P)
2. Send Events (elements of -7 for some p € P)
3. Recewe events (elements of =7 for some p € I)

An event e €k, is applicable (enabled) in configuration v = (¢p,, ..., ¢cp, ..., cpy, M) with result e(v), when

1. e = (Cp, d) El—; and e("y) = (cpl, coend o, Cpn s M)
2. e = (cp,m,d) €5 and e(y) = (¢pys -5 ds o epy, M+ [m])
3. e=(cp,m,d) €p and e(y) = (cp,s ... d, ..., cpy, M — [m]) and m € M
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Independent Events

. . . . . . e
Let A be a distributed algorithm with asynchronous communication model § = (C,—,Z). Let v — denote
that event e is enabled in configuration ~.

Two events e and f, belonging to distinct processes, are independent in configuration ~, when

e

1. They are both enabled: v — and ~ N

2. Neither one disables the other: e(~) Jy and fly) .

3. The configuration resulting from their execution does not depend on the order of execution:

fle(v)) =e(f(7))
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Remarks

1. Configuration and transition used for the entire system;
state and event used for the individual processes

2. Unless stated otherwise, all communication is point-to-
point, i.e., every message has a unique destination.

3. The models are not concerned with the internal
computations of the local algorithms. In particular, it will
be assumed that these computations do not contribute to
the complexity of the algorithm

4. The models do not explicitly describe the behavior of the
communication network, like loss, introduction or
mutilation of messages.
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Fairness Assumptions

An execution of a distributed algorithm is weakly fair if no
event is applicable in infinitely many consecutive
configurations without occurring in the execution.

An execution of a distributed algorithm is strongly fair if no
event is applicable in infinitely many configurations
without occurring in the execution.

Avoid making fairness assumptions, whenever possible.
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Understanding Fairness

Defines the choices or
restrictions on the scheduling of
actions. No such restriction
Implies an unfair scheduler.

For fair schedulers, the
following types of fairness have
received attention:

— Unconditional fairness
— Weak fairness
— Strong fairness
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Unconditional Fairness

Program test An unfair scheduler may never
schedule the second (or the third

define x :integer .
J actions). So, x may always be

{initial value unknown} equal to zero.
do An unconditionally fair scheduler
true X =0 will eventually give every
statement a chance to execute
x=0 x:=1 without checking their eligibility.
N Xx=1 X .= (Example: process scheduler in a
od multiprogrammed OS.)
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Weak fairness

Program test A scheduler is weakly fair, when it
: . eventually executes every guarded
define X :integer action whose guard becomes
{initial value unknown} true, and remains true thereafter
* A weakly fair scheduler will
do eventually execute the second
[ ] true Xx:=0 action, but may never execute the
_ _ third action . Why?
x=0 x:=1
Xx=1 X:=

od
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Strong fairness

Program test
define x :integer
{initial value unknown}

do

[ ] true X:=0
x=0 Xx:=1

[ ] x=1 X:=2

od

Study more examples to reinforce these concepts
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Proof theory

We distinguish two type of properties:

1. Safety properties:

 Hold in every configuration of every execution of the distributed
algorithm, i.e., in every reachable configuration

» Validity is shown using invariants
2. Liveness properties:

 Hold in some configuration of each execution of the distributed
algorithm (hold eventually)

« Validity is shown using norm functions and proper termination

Theorem [Alpern, Schneider]

Every property of a distributed algorithm can be written as
the conjunction of a safety and a liveness property
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Invariants

For transition system S = (C,—.Z) and assertion P
P is an wnvariant of S, when

1. VoezP(7) (P holds initially)
2. {P} — {P}, (no transition can invalidate P)

where {P} — {Q} is defined by Y, 5y P(7) = Q(9).

Thm. If P is an invariants, then P is a safety property.

Thm. If Q is an invariants and V,ccQ(v) = P(7), then P is a safety property.
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Proper termination & norm functions
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Broadcast

var sent,: boolean init false; Spec” pT P:m. =5
m, : int init undef; .

(* For the initiator only *)
{Isent }
begin m =5; sent, = true; shout <int, m>; end

(* For all nOdeS. ) . Safety (also invariant):
{ A message <int, m > has arrived at u } wo~ B
begin receive <int, m>; pl P: SenL My = o
if Isent, then "ml M:m:<int5>
begin sent, := true; _ A
shout <int, m > Liveness:" pl P:sent
end
end Norm: #{ pl P|Jsent}
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Strengthening of invariants

Beware : Not every safety property is an invariant
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So far

 Review
— Local Algorithms
— Asynchronous model
— Synchronous model

 Events and computations
o Safety and liveness properties
« Causal order and logical clocks
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Causal Order
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Causality and independence

Thm. Let A be a distributed algorithm with possible events e
and f, I.e., there exist executions of A (not necessarily the
same) in which e and f are performed.

Then e || f if and only if there exists a reachable
configuration gsuch that e and f are independent in g.
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Space-time diagram
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Consistent Cut

Consider the space-time diagram of an execution E of a
distributed algorithm.

A consistent cut is a curve that intersects the time axis of all
processes (between events) and zero or more
communication arrows, each of the latter in such a
manner that its send event is to the left of the curve and
Its receive events to the right.

Prop . Every consistent cut defines configuration that is
reachable from the initial configuration of E.
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Space-time diagram
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(Logical) clocks

A clock is a function Q from the set of events to a partially
ordered set (X, <) that respects the causal order, i.e.,

a b Q(a)<Q(b)

1. Order of execution

 ForE=(ey €y ...) Qqe) =1

* Global notion, cannot be computed by any distributed algorithm
2. Real-time clocks

* Induce synchronous mode of cooperation

3. Lamport’s logical clock
 EXpresses causal order

4. (Mattern’s) Vector clock
 EXpresses causal order and concurrency A
« Concurrency requires X non-totaland a b U Q(a) < Q(b)
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Lamport’s logical clock

Lamport’s logical clock Q,
assigns to an event a the
length k of the longest
sequence

(€, ..y €))
of events satisfying

& & & =4

The value Q, (a) of an event
a can be computed by a
distributed algorithm

var Qp: int init O;

(* an internal event *)

Qp = Qp +1;

Change state

(* A send event *)
Qpr =Qp+1;
send <msg, Qx>
Change state

(* A receive event *)
receive <msg, Q>

Qp = max(Qp Q>+ 1;

Change state
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Space-time diagram with logical clock
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Mattern’s Vector Clock

Mattern’s vector clock Q,, assigns Algorithm?
to each event a a vector of (Wa|t for recitation)
length |P| such that forallp P

The value Q,(a) of an event a can
be computed by a distributed
algorithm
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Space-time diagram with vector clock
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Rubber band transformation
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Equivalent executions

Let E and F be executions of transition system S.

E and F are RB-equivalent, denoted by E <5 F, when

E can be transformed in F via a rubberband transformation,
and vice-versa.

E and F are CC-equivalent, denoted by E - F, when
every configuration of F is a consistent cut of E , and vice-
versa.

Thm RB — CC -
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Conclusion

 Review
— Local Algorithms
— Asynchronous model
— Synchronous model
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